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Abstract

We study a new type of motion planning problem in dimension 2
and 3 via linear and quadratic quantifier elimination. The object to be
moved and the free space are both semilinear sets with no convexity as-
sumptions. The admissible motions are finite continuous sequences of
translations along prescribed directions. When the number of trans-
lations is bounded in advance, then the corresponding path finding
problem can be modelled and solved as a linear quantifier elimination
problem. Moreover the problem to find a shortest or almost short-
est admissible path can be modelled as a special quadratic quantifier
elimination problem. We give upper complexity bounds on these prob-
lems, report experimental results using the elimination facilities of the
REDLOG package of REDUCE, and indicate a possible application.



1 Introduction

Motion planning for a rigid object in a free space with obstacles in dimen-
sions two or three is an area of intensive research in computational geome-
try and computer algebra (compare [Lat91] and the survey article [Sha97]).
The general approaches to this problem include cylindrical algebraic cell de-
composition with neighborhood information, roadmaps, and retraction-type
approaches such as Voronoi diagrams of various kinds. Here we restrict our
attention to translational motions of semilinear objects in a semilinear free
space (compare [LW80, OY85, Yap87, LS87, AS97]). Semilinear sets in R?
are sets described by a boolean combination of linear inequalities with ratio-
nal coefficients. So they can be construed as polyhydral sets (without any
assumption on convexity or closedness) in a slightly generalized sense. We
refer to the motion planning problem for semilinear objects in a semilinear
free space as the semilinear motion planning problem.

The fact that the linear theory of the reals admits quantifier elimination
[Wei88, LW93, Dri98] entails that the free placement space of a semilinear
object in a semilinear free space is again semilinear. So the semilinear mo-
tion planning problem is reduced to the motion of a point in a semilinear free
space of the same dimension. An analysis of the cylindrical algebraic decom-
position approach [Col75, Col98b, Col98a, McC95] shows moreover that all
cells arising will be convex polyhydrons. As a consequence, the semilinear
motion planning problem can always be solved by a semilinear path, provided
it can be solved by an arbitrary continuous path. Here a semilinear path is a
continuous path consisting of finitely many translations along straight lines.
Notice, however, that the approach via Voronoi diagrams in dimension two
will not yield a semilinear path, since it includes in general parabolic arcs
[OY85, Yap87]. This can be remedied in dimension two by using Voronoi
diagrams for the L®-metric or the L'-metric (compare [LW80]).

In this note we study a related, but different semilinear motion planning
problem that appears to be new. We specify as part of the data finitely many
vectors vy, ..., v, in the ambient space, and a natural number n. We admit
only semilinear paths consisting of n translations along admissible directions,
i. e. along straight lines that are parallel to one of the vectors v,. We refer to
paths of this kind as admissible (relative to the given data). We show that
a solution of this admissible motion planning problem can be obtained via
extended linear quantifier elimination in the reals (compare [Wei88, LW93,
Wei97b]). In addition we study also the problem of finding shortest, or nearly
shortest admissible paths. This problem can be modelled as a special type
of quadratic real elimination problem considered in [Wei97b, Wei97a]. Both
linear and special quadratic real quantifier elimination are implemented in the



REDLOG package of REDUCE, and have been applied successfully to a large
variety of application problems [DS96, DS97a, SW98, DSW98a, DSW98b,
DS99]. By specializing the complexity bounds for linear and special quadratic
real quantifier elimination in[Wei88, Wei97b, Wei97a|, we arrive at upper
complexity bounds for the admissible motion planning problem. We show in
particular that this problem is solvable in polynomial time for fixed dimension
d of the ambient space and fixed number n of admissible translations. The
same applies to the problem of finding admissible paths of (almost) minimal
length.

We conclude with computational examples in REDLOG that show the
practical usefulness of our quantifier elimination approach for the admissible
motion planning problem for a small number n of edges in admissible paths.
For larger n intermediate help positions are required. Possible industrial
applications may include the automatic movement of a carrier for material
in a factory.

An extension of the approach to a dynamically changing free space ap-
pears to be feasible.

2 Extended linear quantifier elimination

Linear real quantifier elimination by virtual substitution of test points dates
back to the theoretical paper [Wei88]. During the last five years a lot of
theoretical work has been done to improve the method, cf. [LW93, Wei94b,
DSW98a, DS97b, Wei97al. After promising experimental implementations
by Burhenne in 1990, cf. [Bur90], and by T. Sturm in 1992, the method was
efficiently reimplemented within the REDUCE package REDLOG by A. Dolz-
mann and T. Sturm. REDLOG is in fact a computer logic system providing not
only quantifier elimination but a sophisticated working environment for first-
order logic over various languages and theories, cf. [DS97a]. There are also
interfaces to QEPCAD and QERRC available such that these packages can be
called from REDLOG and the results are available to be further processed by
REDLOG. The REDLOG source code and documentation are freely available
on the www.!

We consider first-order formulas for the ordered field of real numbers.
The applicability of the method is essentially restricted to formulas in which
the quantified variables occur only with low degrees. Here we restrict our
attention to the elimination of variables that occur linearly with at most one
additional quadratic inequality allowed. In this case quantifier elimination
by the methods of REDLOG is guaranteed to succeed in principle. Quantifiers
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are eliminated one by one. For eliminating the quantifiers from an input
formula

o(ug, ..., Uum) = Quey ... Queptp(ug, ..oy U, &1, ..., Ty), Q; € {3,V}

the elimination starts with the innermost quantifier regarding the other quan-
tified variables within ¢ as extra parameters. Universal quantifiers are han-
dled by means of the equivalence Vzi) <— —dz—1. We may thus restrict
our attention to a formula of the form

o (ug, ..., u) = Jxp*(ug, ..., ug, ),

where the w11, ..., u; are actually x; quantified from further outside.

We fix real values aq, ..., a; for the parameters uy, ..., ug. Then all poly-
nomials occurring in 1* become linear or quadratic univariate polynomials
in z with real coefficients. So the set

M={beR|yY*(a,...,arb)}

of all real values b of = satisfying ¢* is a finite union of closed, open, and half-
open intervals on the real line. The endpoints of these intervals are among
+o00 together with the rational zeroes of the linear polynomials occurring
in ¥*, if no quadratic inequality is present. In presence of an additional
quadratic inequality ¢ > 0 or ¢ > 0, the endpoints may also be among
the solutions of the corresponding quadratic equation. Candidate terms oy,
.., a, for the zeroes of the linear equations can be computed uniformly as
a linear polynomial in wuq, ..., ug. As additional candidate g for a point
in M we compute the zero of the partial derivative % with respect to x of
the quadratic polynomial ¢ that may be present. Notice that oy can also
be computed uniformly as a polynomial in uq, ..., u; whose degree in u; is
not greater than the corresponding degree of u; in t. Notice that we do not
include solutions of the quadratic equation ¢ = 0 among our candidates.

If all inequalities in ¥* are weak, then all the intervals constituting M
will, into each direction, be either unbounded or closed. In the latter case,
such an interval will contain its real endpoint. Thus M is non-empty if and
only if the substitution of +co or of one of the candidate solutions «; for x
satisfies ¢*. The substitution of 00 into a linear equation or inequality is
evaluated in the obvious sense. By disjunctively substituting all candidates
into ¥* we obtain a quantifier-free formula equivalent to Jzvy*.

If ¥* contains also strict inequalities, we need to add to those candidates
for points in M that arise from strict linear inequalities expressions of the
form a + ¢, where « is candidate solution for some left-hand side polyno-
mial occurring in a strict inequality. The symbol ¢ stands for a positive
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infinitesimal number. Again the substitution of these expressions into a lin-
ear equation or inequality can be rewritten in such a form that there occur
neither denominators involving any of the u;, nor the symbol € in the re-
sult, cf. [Wei97a]. Again this yields a quantifier-free formula equivalent to
Jxe*. For practical applications this method, of course, has to be refined by
a careful selection of a smaller number of candidate solutions and by a com-
bination with powerful simplification techniques for quantifier-free formulas,
cf. [DS97b] for details.

Suppose we have eliminated an existential quantifier. Then we have in
general obtained a disjunction ¢} V --- Vv ¢.. If the next quantifier to be
eliminated is also an existential one, then we make use of the equivalence

Azp 1 (YL V V) > Tz, 1 (Yr) V-V 3z, 1 (Y))

eliminating all E!xn,l(zp;-) independently. As a consequence, no candidate
solutions obtained from, say, ] are substituted into the other 1);. This
decreases the complexity class of our procedure for single quantifier blocks
from doubly exponential to singly exponential in the number of quantifiers,
cf. [Wei88].

Dramatic improvements of the general procedure sketched up to now can
be obtained by reducing the number of test candidates for M depending on
the structure of the formula ¢*, cf. [LW93, Wei97a]. Simple instances for
such an improvement are extensions of Gauss elimination [DSW98al.

An extended quantifier elimination with answers can be obtained in a
straightforward way from this method by not constructing a disjunction at
the end. Instead all the quantifier-free substitution results are kept separately
together with the candidate terms yielding them.

The notion of wvirtual substitution refers to both adding conditions and
resolving non-standard subterms such as infinitesimals. The complexity of
this method depends on the number of quantified variables and, even more,
on the number of quantifier changes. In theory, parameters play a minor role
for the complexity. They turn in fact out to be very cheap in practice, too.
For existential (or universal) formulas with at most one quadratic inequality,
no multiplicative parameters, m quantifiers and at least 2 atomic formulas
the number of atomic formulas at(¢') of the quantifier-free output ¢’ can
be bounded in terms of the number of atomic formulas at(y) of the input
formula ¢ by:
at(¢) < at(p)™ "

If in addition all quantified variables are linear, then we have the better
bound

at(e') < [27™at(p)™ "]



(compare [Wei94a, Wei97a]).

3 Modeling semilinear motion planning

In this section we show how to model the semilinear motion planning problem
addressed in the introduction as an extended linear quantifier elimination
problem.

Let ¢(z) be a formula that is linear w. r. t. a specified list z = (z1, ..., z4)
of free variables. Then we denote by ™ the set defined by ¢ in R?, i. e. the
set of all ¢ € R? such that ¢(c) holds in R. We call ¢® the set defined by
@. A subset S of R? is semilinear (compare [Dri98]), if it is defined by a
linear formula. As a consequence of linear quantifier elimination, every semi-
linear set is definable by a quantifier-free linear formula. Every conjunction
of atomic linear formulas defines a (not necessarily closed, possibly empty)
convex polyhedron. So - via a formation of a disjunctive normal form for
quantifier-free linear formulas - every semilinear set is a finite union of (not
necessarily closed) convex polyhedrons, i. e. a generalized polyhedron.

In the following we restrict our attention to semilinear sets in R? for
d =2 or d = 3. Underlined letters will denote vectors in R¢. We consider a
semilinear object P in R? given in standard position by a quantifier-free linear
formula p(z). We attach to P in standard position the origin as reference
point. After translation in R? by a vector y, the reference point has moved
to y, and P is described by the quantifier-free linear formula oz —y). We let
¥(z) be a quantifier-free formula that describes the free space S in which the
object P may move as semilinear subset of R%. v,,...,v, are vectors in R?
that define the admissible directions of translations. Note that a translation
along direction v, is given by an arbitrary scalar multiple of v;; so the motion
may be of arbitrary length moving forward or backward along v;.

We specify in addition an initial position y and a final position z of the
reference point of P and a natural number n. Then our problem is as follows:

Find a continuous, piecewise linear path o for the reference point of P,
leading from the initial position y to the final position z, such that a consists
of at most n successive translations in admissible directions, and such that
for every position of the reference point of P on this path the object P is
contained in the free space S.

We refer to this problem as the semilinear motion planning problem for
the data ¢, ¥,vy,...,v;,9,2, and n. A path that meets the specifications
will be called an admissible path for the given data.



In a first preprocessing step we reduce this problem to the special case
where the object P is a single point:
Let y(u) be the formula

Vi(p(z —u) = ¢(z)).

Notice that ~ is linear in z and u; hence by linear elimination + has a
quantifier-free equivalent 4/(u) that is linear in .

The set in 4'* defined by 4’ in R? is known in the literature as the free
placement space (or configuration space) F'P of the object P with respect to
the free space S. F'P is the set of all positions u of the reference point, for
which the object P is contained in the free space S.

After computation of 4’ we are thus reduced to the following specialized

problem:

Find a continuous, piecewise linear path o leading from the initial posi-
tion y to the final position z, such that o consists of at most n successive
translations in admissible directions, and such that every point on this path
18 contained in the free placement space F'P.

Next we describe the possibility of moving from position g to position w
by a translation along a direction specified by the vector v within the free
placement space F'P by the formula:

Jt(w=g+to AN Vs((t<s<0V 0<s<t)=1(¢g+sv)))

This formula v(q, w,v) is linear in s,t, ¢, w; so again by by linear elimi-
nation it has a quantifier-free equivalent p(q,w, v) that is linear in ¢, w.

Then the possibility of moving from position ¢ to position w by a trans-
lation along an admissible direction within FP is described by the formula

k
(g, w) == \/ plg, w, v;)
j=1

Again p;, is quantifier-free and linear in ¢, w.

Finally for specified positive natural number n the following formula de-
scribes the possibility of moving from the initial position y to the final po-
sition z by a continuous chain of n translations along admissible directions
within F'P.

n—2

Juy -ty (or(yw) AN (i) A o, 4, 2))
=1
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By definition this formula is linear in y, u,, ..., u, 4, 2. So again by linear
elimination it has a quantifier-free equivalent an(y,_) that is linear in y, z
Using extended linear elimination we obtain moreover as answers values for
the vectors u,,...,u,_; that together with the initial vector y and the final
vector z specify the vertices of a continuous piecewise linear Eath from y to
z that is totally contained in the free placement space F'P. a

4 Shortest admissible paths

So far we have considered the problem of finding an admissible path for given
data or to determine that no such path exists. In this section we consider the
more specialized problem of finding a shortest or almost shortest admissible
path for given data or to determine that no admissible path exists.

We define the length L(7) of an admissible path 7 in a slightly unusual
way as the sum of the squares of the Euclidean lengths of the translation
vectors that constitute the path. We want to minimize L(7) within the set
of all admissible path 7 for a given set of data. Notice that an admissible
path of minimal length will also be a shortest admissible path in the sense
of its Euclidean length.

We are going to show that this problem can be formalized as a existential
linear elimination problem with one additional quadratic inequality. So it fits
into the elimination framework of the REDLOG-package described in section
2.

Let us review the formalization in the last section. Let p be a new vari-
able.

We enter into the formula describing the existence of an admissible path
from constant initial position y to constant final position z the additional
condition that the length of this path is smaller or equal to p :

3@1. (pk yaul /\pk z-l—l A pk( Up— lvz) A

ly = wal1® + ) Ny = w1 + gy — 21° < )

By definition this formula is linear in wu,,...,u, ; and u, except for a
single weak inequality that is quadratic in w,,...,u, ;, and linear in . So
by quadratic elimination in REDLOG, it has a quantifier-free equivalent 7, ()
that is linear in p. From this formula it is easy to compute the infimum L,
of all real values of p that satisfy 7,(x) in RZ% U {oo}.

8



Then if Ly € R, it is the infimum of all L(7) for all admissible path 7.
For any real r > Ly one can now apply extended linear elimination to the
formula

Fuy - Uy (P (Y 1) /\Pk Uipr) N Pr(Uy_1,2) A

n
ly =y I* + Z i = 2 [1* + [y — 2]* < 7)

in order to obtain as answer an admissible path 7 of length L(7) = r, or
the answer “false” if r = Ly, and if there is no shortest admissible path.

In general there may not exist a shortest admissible path with given start
and end point, as the following example shows:

Example 4.1 Letd =2,k =2,n=3,y=(0,-1), z=(0,1), v, = (0,1),
v, =(1,0), p:=(21=0 Azy=0), ¥:= (2,40 V < -1 V x5 >1).

Then the infimum of all length of admissible paths is 4 and this infimum
1 not attained.

For the case of a closed moving object and a closed free space we can,
however, assert:

Theorem 4.2 Suppose the object P defined by ¢ and the free space S defined
by v are closed subsets of R?. Suppose moreover that for the given data there
18 an admissible path from the given initial position of P to the given final
position of P. Then there exists such a path of smallest length.

Sketch of the proof. It is obvious that the positions of P that are not
contained in .S form an open set; consequently the free placement space F' P
is a closed subset of R?. Consider the intermediate vertices u; 1 < i < n—1 of
admissible paths from the given initial position y to the given final position z.
Then it is not difficult to see that the set of these (n—1)-tuples (u,, ..., 4, ;)
is a closed subset of R¥™ 1) Let Ly > 0 be the infimum of all lengths of these
admissible paths. Let m; be a sequence of admissible paths, such that L(7)
converges to Ly. Then we have a corresponding sequence of (n — 1)-tuples
of vertices that is bounded. So by passing to a subsequence we may assume
that the corresponding sequence of (n — 1)-tuples of vertices converges in
R¥ ™1 Let m be the path defined by the limit tuple. Then by the remark
above 7 is also admissible. Since the length of an admissible path determined
by these vertices is a continuous function of (u,...,u,_;), we may conclude
that L(m) = Ly.



5 Complexity

From the general upper complexity bounds for linear elimination and
quadratic elimination in [Wei94a, Wei97a] we can deduce upper complex-
ity bounds for semilinear motion planning. Let as before at(y) denote the
number of atomic formulas in the formula .

Reviewing the quantifier elimination steps necessary to arrive at a solution
of the semilinear motion planning problem, we find the following: The first
step is the computation of a quantifier-free formula ' describing the free
placement space from the defining quantifier-free formulas ¢ and ¢ defining
the object P and the free space S, respectively. This requires the elimination
of a block of d universal quantifiers w. r. t. linear variables in front of a
formula with at(p) + at(¢)) many atomic formulas. So by the general bound,
we get:

at(v') <2 %at(p) + at(y) + 1)

Denote the bound on the right hand side by a. Then the successive elimina-

tion of the linear quantifiers Vs and 3t in the computation of p leads to the
bound

at(p) < (a +6)1/8.

These two elimination steps may be considered as preprocessing steps, since
they are independent of the admissible directions, the initial and final position
and the number n of translations allowed.

The computation of o,, and the actual solution path requires the extended
elimination of a block of d(n—1) existential linear quantifiers in front of a for-
mula with at most k(a+6)*/8 atomic formulas. This leads to an elimination
tree with at most

(k(a + 6)4/8 + 1)d(n—1)/2d(n—1) < (k(a + 7))4d(n—1)/24d(n—1)

end nodes. By [Wei94a] the bit size of the coefficients grows only polynomi-
ally during iterated linear elimination. So for d < 3 the whole elimination
procedure is polynomial in the data v,,...,v;, ¢ and 9, and exponentially
in n.

A similar argument shows shows that this conclusion holds as well for the
computation of a shortest or almost shortest path.

The same complexity bounds also apply to the case where the final posi-
tion is left unspecified. The result will then specify all final positions reach-
able from the given initial position with the given number of translations
along admissible directions. Similarly for unspecified initial position.
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6 Computational examples in REDLOG

For computational examples in the REDLOG package we first specify tem-
plates for the input of motion semilinear planning problems with fixed exter-
nal parameters d, k, n.

For dimension d = 2, k = 3, and n < 5 the input template looks as follows:

yl:= ; y2:= ; zl:= ; 22:= ; % Initial and final position
phi:= ; % Defining formula for the object in standard position
vil:= ; vi2:= ; v21:= ; v22:= ; v31:= ; v32:= ;

% admissible directions

psi:= ; % Defining formula for the free space

phip:= sub({xl=x1-ul,x2=x2-u2},phi);
% Defining formula for the object after translation
gamma := all({x1,x2}, phip impl psi);
% Defining formula for the free placement space
gammap:= rlqge(gamma) ;
% Quantifier-free defining formula for the free placement space
rlatnum(gammap) ;
% Check for the number of atomic formulas in gammap
gammapl:= rlsimpl (sub({ul=ql+s*v1l,u2=q2+s*v12},gammap))$
% Movement from position q in one step in direction vl
gammap2:= rlsimpl (sub({ul=ql+s*v21,u2=q2+s*v22},gammap))$
% Movement from position g in one step in direction v2
gammap3:= rlsimpl (sub({ul=ql+s*v31,u2=q2+s*v32},gammap))$
% Movement from position g in one step in direction v3
rhopl:= rlge(ex(t, wl=ql+t*vll and w2=q2+t*v12 and
all(s, (t <= s <=0 or 0 <= s <= t) impl gammapl)))$
% Movement from position q in one translation along direction vl
rhop2:= rlqge(ex(t, wl=ql+t*v21 and w2=q2+t*v22 and
all(s, (t <= 8 <= 0 or 0 <= s <= t) impl gammap2)))$
% Movement from position q in one translation along direction v2
rhop3:= rlge(ex(t, wl=ql+t*v31l and w2=q2+t*v32 and
all(s, (t <= s <=0 or 0 <= s <= t) impl gammap3)))$
% Movement from position g in one translation along direction v3
rho:= rhopl or rhop2 or rho3$
% Movement from position q in one translation in
%admissible directions vl or v2 or v3
rlatnum(rho); %Check for the number of atomic formulas in rho
%Movement in n <=5 translations in three admissible
%directions v1, v2, v3
sigmal:= rlsimpl(sub({ql=yl,q2=y2,wl=z1,w2=22},rho));
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% Movement in 1 translation in an admissible direction

sigma2:= rlqea(ex({ull,ul2}, rlsimpl(
sub({ql=y1,92=y2,wl=ull,w2=ul2},rho) and
sub({ql=ull,q2=ul2,wl=z1,w2=z2},rho))));

% Movement in 2 translations in admissible directions

sigma3:= rlgea(ex({ull,ul2,u21,u22}, rlsimpl(
sub({ql=y1,q2=y2,wl=ull,w2=ul2},rho) and
sub({ql=ull,q2=ul2,wl=u21,w2=u22},rho) and
sub({ql=u21,q2=u22,wl=z1,w2=2z2},rho))));

% Movement in 3 translations in admissible directions

sigma4:= rlgea(ex({ull,ul2,u21,u22,u31,u32},rlsimpl(
sub({ql=y1l,q92=y2,wl=ull,w2=ul2},rho) and
sub({ql=ull,q2=ul2,wl=u21,w2=u22},rho) and
sub ({ql=u21,q2=u22,wl=u31,w2=u32},rho) and
sub({q1=u31,q2=u32,wl=z1,w2=22},rho))));

% Movement in 4 translations in admissible directions

sigmab:= rlgea(ex({ull,ul2,u21,u22,u31,u32,udl,ud2}, rlsimpl(
sub({ql=y1,92=y2,wl=ull,w2=ul2},rho) and
sub({ql=ull,q2=ul2,wl=u21,w2=u22},rho) and
sub ({q1=u21,q2=u22,wl=u31,w2=u32},rho) and
sub ({ql1=u31,q2=u32,wl=u41,w2=u42},rho) and
sub({ql=u41,q2=ud42,wl=z1,w2=z2},rho))));

% Movement in 5 translations in admissible directions

Here sigman has to be selected according to the desired value of n.

For dimension d = 3, k = 3, and n < 5 the corresponding input template
looks as follows:

$y1:= ; y2:= ; y3:= ; zl:= ; z2:= ; z3= ;
% Initial and final position

phi:= ; % Defining formula for the object in standard position
vil:= ; vi2:= ;0 vi3:= ;

v21:= ; v22:= ;0 v23:= ;

v31l:= ; v32:= ; v33:= ;

% Admissible directions

psi:= ; % Defining formula for the free space

phip:= sub({x1=x1-ul, x2=x2-u2, x3=x3-u3}, phi);

% Defining formula for the object after translation

gamma := all({x1,x2,x3}, phip impl psi);

% Defining formula for the free placement space

gammap:= rlqge(gamma) ;

% Quantifier-free defining formula for the free placement space
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rlatnum(gammap) ;
% Check for the number of atomic formulas in gammap
gammapl:= rlsimpl (sub({ul=ql+s*v1l,u2=q2+s*v12,u3=q3+s*v13},gammap))$
% Movement from position g in one one step in direction vl
gammap2:= rlsimpl(sub({ul=ql+s*v21,u2=q2+s*v22,u3=q3+s*v23},gammap))$
% Movement from position q in one one step in direction v2
gammap3:= rlsimpl (sub({ul=ql+s*v31,u2=q2+s*v32,u3=q3+s*v33},gammap))$
% Movement from position q in one one step in direction v3
rhopl:= rlqge(ex(t, wl=ql+t*vll and w2=q2+t*v12 and w3=9q3+t*v13 and
all(s, (t <= s <=0 or 0 <= s <= t) impl gammapl)))$
% Movement from position q in one translation along direction vl
rhop2:= rlqge(ex(t, wl=ql+t*v21 and w2=q2+t*v22 and w3=q3+t*v23 and
all(s, (t <= 8 <= 0 or 0 <= s <= t) impl gammap2)))$
% Movement from position q in one translation along direction v2
rhop3:= rlge(ex(t, wl=ql+t*v31l and w2=q2+t*v32 and w3=q3+t*v33 and
all(s, (t <= s <=0 or 0 <= s <= t) impl gammap3)))$
% Movement from position q in one translation along direction v3
rho:= rhopl or rhop2 or rho3$
% Movement from position q in one translation in
%admissible directions vl or v2 or v3
rlatnum(rho); %Check for the number of atomic formulas in rho
%Movement in n <=5 translations in three admissible
%directions v1, v2, v3
sigmal:= rlsimpl(sub({ql=yl,q2=y2,q93=y3,wl=z1,w2=22,w3=23},rho));
% Movement in 1 translation in an admissible direction
sigma2:= rlgea(ex({ull,ul2,ul13}, rlsimpl(
sub({ql=y1,q92=y2,q3=y3,wl=ull,w2=ul2,w3=ul3},rho) and
sub({ql=ull,q2=ul2,q93=ul3,wl=z1,w2=22,w3=23},rho))));
% Movement in 2 translations in admissible directions
sigma3:= rlqea(ex({ull,ul2,ul13,u21,u22,u23}, rlsimpl(
sub({ql=y1,92=y2,q3=y3,wl=ull,w2=ul2,w3=ul3},rho) and
sub({ql=ull,q2=ul2,q93=ul3,wl=u21,w2=u22,w3=u23},rho) and
sub({q1l=u21,92=u22,q3=u23,wl=z1,w2=22,w3=2z3},rho))));
% Movement in 3 translations in admissible directions
sigma4:= rlqgea(ex({ull,ul2,ul13,u21,u22,u23,u31,u32,u33}, rlsimpl(
sub ({ql=y1,q92=y2,q3=y3,wl=ull,w2=ul2,w3=ul3},rho) and
sub({ql=ull,q2=ul2,q3=ul3,wl=u21,w2=u22,w3=u23},rho) and
sub({ql=u21,q2=u22,93=u23,wl=u31,w2=u32,w3=u33},rho) and
sub ({q1=u31,q2=u32,q3=u33,wl=z1,w2=2z2,w3=23},rho)));
% Movement in 4 translations in admissible directions
sigmab:= rlqgea(ex({ull,ul2,ul13,u21,u22,u23,u31,u32,u33,udl,ud2,ud3},
rlsimpl(
sub ({ql=y1,q92=y2,q3=y3,wl=ull,w2=ul2,w3=ul3},rho) and
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sub({ql=ull,q2=ul2,q93=ul3,wl=u21,w2=u22,w3=u23},rho) and
sub({ql=u21,q92=u22,93=u23,wl=u31l,w2=u32,w3=u33},rho) and
sub ({ql1=u31,92=u32,93=u33,wl=udl,w2=ud2,w3=ué3},rho) and
sub({ql=u41,q2=u42,q3=u43,wl=z1,w2=22,w3=23},rho))));

% Movement in 5 translations in admissible directions

Here again sigman has to be selected according to the desired value of n.
For other values of k,n these templates are modified in the obvious way.

For computing a shortest path the templates are modified as follows:
First the appropriate command

sigma n := rlgea( expression )
is replaced by

tau n := rlqe( expression and
—2
2oy N = wpa |? 4 (2 = 2I* < ).

From the resulting quantifier-free formula zetan one obtains a minimal
real value r of u satisfying zetan. Finally the call

rlgea( expression and
-2
Do (g = w12+ (g = 2[]2 < 1)
yields the desired shortest admissible path.

The specific examples discussed below use these templates with the spec-
ified values of d, k,n. In each case we specify in addition the initial and final
position, the defining formula for the moving object, the vectors defining the
admissible directions, and the defining formula for the free space. All tim-
ings refer to a SUN SPARCstation Ultra I with 140 MHz. In the figures the
obstacles are hatched upward and the object in initial and final position is
hatched downward. Paths are indicated by dotted lines.

Example 6.1 In this 2D-example a closed unit square is moved in a free
space consisting of a closed square with an interior wall.

Data: d =2,n=3,k=2

y1:=0; y2:=0; zl1:=b; z2:=0;

phi:= 0<=x1<=1 and 0<=x2<=1;

vil:=1; v12:=0; v21:=0; v22:=1;

psi:= 0<=x1<=10 and 0<=x2<=10 and (x2>=8 or x1<=3 or x1>=4);

14



Answer:
sigma3 := {{true,{ull = 0,ul2 = 9,u21 = 5,u22 = 9}}}
Time: 0.4s

In order to compute an admissible path of shortest length, we first compute
taud := mu - 1563 >= 0

Time: 7.5s

Next we obtain the shortest admaissible path by computing
zeta3d := {{true,{ull = 0,ul2 = 8,u21 = 5,u22 = 8}}}; }
Time: 1.5s

Notice that this shortest path is actually different from the one computed
previously.

Figure 1

Example 6.2 In this 2D-example a closed L-shaped (and hence non-convez)
object is moved in a free space consisting of a closed rectangle with obstacles.

Data: d =2,n =3,k =2

y1:=0; y2:=8; zl:=1; z2:=0;

phi:= (0<=x1<=2 and 0<=x2<=1) or (0<=x1<=1 and 1<=x2<=2);

vil:=1; v12:=0; v21:=0; v22:=1;

psi:= 0<=x1<=4 and 0<=x2<=10 and (x1>=1 or x2>=1) and
(x1<=2 or x2<=2);

15



Answer:
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sigma3 := {{true,{ull = 0,ul2
Time: 0.3s

Figure 2

Example 6.3 In this 2D-example a closed unit square is moved in a free
space consisting of a closed square with additional obstacles. The path
requires a change of direction at a non-collision point.

Data: d =2,n=3,k=2

yl1:=0; y2:=0; z1:=7; z2:=7;
phi:= (0<=x1<=1 and 0<=x2<=1);
vil:=1; v12:=0; v21:=1; v22:=1;
psi:= 0<=x1<=10 and 0<=x2<=10 and
(x2<=3 or x2>=7 or (x2<=x1-1 and x2>=x1-3));

Answer:

sigma3 := {{true,{ull = 2,ul2 = 0,u21 = 9,u22 = 7}}}
Time: 2s

Variant for computing the shortest path:

tau3d := mu - 106 >= 0

Time: 3.3s (Minimal value mu = 106)

16



zeta3 := {{true,{ull = 2,ul2 = 0,u21 = 9,u22 = 7}}}\\

Time: 0.8s

Figure 3

Example 6.4 In this 2D-example a closed unit square is moved in a free
space consisting of a closed square with additional walls.
Data: d =2,n =4,k =2

y1:=0; y2:=0; z1:=9; z2:=0;
phi:= 0<=x1<=1 and 0<=x2<=1;
v11:=0; v12:=1; v21:=1; v22:=1;
psi:= 0<=x1<=10 and 0<=x2<=10 and
(x1=3 impl x2>=2) and (x1=8 impl x2>=1) and (x1=6 impl 2%x2<=5);

Answer:

sigmad := {{true,

{ull = - epsilon2 + 5,
ul2 = - epsilon2 + 5,
u2l = - epsilon2 + 5,

- 2%epsilonl + 1
u22 = ————————— ,
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Time: 5s

Figure 4

Example 6.5 In this 3D-example a point is moved in an oblique way over
a barrier.

Data: d=3,n=3,k=3

y1:=0; y2:=0; y3:=0; z1:=5; z2:=4; z3:=0;

phi:= 0=x1 and 0=x2;

vil:=1; v12:=1; v13:=1; v21:=1; v22:=0; v23:=0;

v31l:=1; v32:=1; v33:=-1;

psi:= 0<=xl1 and 0<=x2 and 0<=x3 and (x2<=2 or x2>=3 or x3>=1);

Answer:

sigma3 := {{true,
{ull = 2,ul2 = 2,ul3 = 2,u21 = 3,u22 = 2,u23 = 2}}}

Time: 0.5s

18



Figure 5

Example 6.6 In this 3D-example a unit cube is moved inside a cube with
two additional walls from one corner to the diagonally opposed corner.
Data: d =3,n =3,k =3:

y1:=0; y2:=0; y3:=0; z1:=9; z2:=9; z3:=9;
phi:= 0<=x1<=1 and 0<=x2<=1 and 0<=x3<=1;
vil:=1; v12:=0; v13:=0; v21:=0; v22:=1; v23:=0;
v31:=0; v32:=0; v33:=1;
psi:= 0<=x1<=10 and 0<=x2<=10 and 0<=x3<=10 and
(x2= 10 - x1 impl x3>=8) and
((x1>=3 and x1<=7) impl (x2<=3 or x2>=7));

Answer:

sigma3 := {{true,
{u11l = 0,ul12 = 0,ul3 = 9,u21 = 0,u22 = 9,u23 = 9}}}

Time: 5s

Gl

.

X\

\
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Figure 6

We conclude with two more complicated examples, where n = 4 or n = 5.
They illustrate the rapid growth of the complexity of the algorithm with the
number n of edges in the paths.

Example 6.7 In this 2D-example an L-shaped object is moved in a free space
consisting of a closed square with additional walls. Data: d =2,k =3,n =4
or n=>5

y1:=0; y2:=8; z1:=8; z2:=0;
phi:= (0<=x1<=2 and 0<=x2<=1) or (0<=x1<=1 and 1<=x2<=2);
vil:=1; v12:=0; v21:=0; v22:=1; v31:=1; v32:=1;
psi:= 0<=x1<=10 and 0<=x2<=10 and (x1<=2 or x1>=3 or x2>=7) and
(x1<=4 or x1>=5 or x2<=8 or x2>=9) and
(x1<=7 or x1>=8 or x2>=2);

Answer for n =5:

sigmab := {{true,
{uil = 0,ul2 = 7,u21 = 3,u22 = 7,u3l = 3,u32 = 3,u4l = 8,u42 = 8}}}

Time: 975s
Answer for n = 5:
sigma4 := {}

Time: 68s

S

Figure 7
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Example 6.8 In this 2D-example an oblique object is moved in a free space
consisting of a closed square with additional walls.
Data: d =2,k =3,n=4

y1:=0; y2:=0; z1:=7; z2:=0;

vil:=1; v12:=0; v21:=0; v22:=1; v31:=1; v32:=1;

phi:= 0<=x1<=2 and x1<=x2<=x1+1;

psi:= 0<=x1<=10 and 0<=x2<=10 and (x1>=2 or x2<=8) and
(x1<=9 or x2<=4 or x2>=5) and (x1<=3 or x1>=4 or x2>=6)
and (x1<=3 or x1>06 or x2<=5 or x2>=6);

Answer:

sigma4 := {{true,
{u11=0, ul2=-epsilonl + 4, u2l = epsilonl + 2, u22=6,u31=7,u32=6}}}

Time: 1050s

NN
=

Figure 8

Example 6.9 Variant of the previous example with different final position
that requires a movement with n = 5. Data: d =2,k =3,n =25

y1:=0; y2:=0; z1:=8; z2:=0;

vil:=1; v12:=0; v21:=0; v22:=1; v31:=1; v32:=1;

phi:= 0<=x1<=2 and x1<=x2<=x1+1;

psi:= 0<=x1<=10 and 0<=x2<=10 and (x1>=2 or x2<=8) and
(x1<=9 or x2<=4 or x2>=5) and (x1<=3 or x1>=4 or x2>=6)
and (x1<=3 or x1>06 or x2<=5 or x2>=6);

Here no result was obtained within 45 minutes.

If one simplifies the problem by specifying an intermediate “help position” of
the object to be reached by a movement with n = 3, followed by a movement
with n = 2 to the final position, then the solutions are obtained rather quickly:
First partial problem:

21



y1:=0; y2:=0; z1:=7; z2:=6;
Second partial problem:

yl:=7; y2:=6; z1:=8; z2:=0;
Answer for the first part:

sigma3 := {{true,
{u1ll = 0,ul2 = - epsilonl + 4,u21 = epsilonl + 2,u22 = 6}}}

Time: 40s

Answer for the second part:

sigma2 := {{true,{ull = 7,ul2 = 0}}}

Time: 0.25s
~
s\\\\\\ ”””
Figure 9

7 Conclusions

We have shown that admissible semilinear motion planning can be performed
via linear real quantifier elimination with answers. The extended problem
of finding shortest or almost shortest admissible paths can be solved via
quadratic real quantifier elimination with answers. The approach is imple-
mented in the REDLOG package of REDUCE. It is of practical use for a
small number n of edges in admissible paths. For larger n intermediate help
positions are required. Possible industrial applications may include the au-
tomatic movement of a carrier for material in a factory.

An extension of the approach to a dynamically changing free space appears
to be feasible.
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