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Abstract

E�ective quanti�er elimination procedures for the reals allow to

solve problems that can be encoded into corresponding �rst-order for-

mulas including ordering constraints. In contrast to constraint logic

programming, which is often used in similar areas, this encoding is

straightforward. A quanti�er elimination procedure using test point

ideas is part of the reduce package redlog by the author et. al,

which is freely available to the scienti�c community. We discuss how

this method can be used for analysis, sizing, and error diagnosis of

physical networks. The focus is on electrical networks.



1 Introduction

E�ective quanti�er elimination procedures for the reals allow to solve prob-

lems that can be encoded into �rst-order formulas over the real numbers

using the relations \=," \�," \<," and \6=." In contrast to constraint logic

programming, cf. [Col90], which is often used in similar areas, this encoding

is straightforward.

A quanti�er elimination procedure is an algorithm that, given a �rst-order

formula, computes an equivalent quanti�er-free formula. Such a procedure

for the reals has been devised �rstly by Tarski around 1930 but remained

unpublished until 1948, cf. [Tar48]. The �rst implementation of a quanti�er

elimination procedure by Arnon, cf. [Arn81], used the cylindrical algebraic

decomposition (cad) method of Collins, cf. [Col75, ACM84]. This approach

has been improved considerably by Collins and Hong resulting in partial

cad, cf. [CH91], which has been implemented by Hong et al. in the qepcad

package.

Besides the cad approach, the implementation of quanti�er elimination

procedures using test point ideas of Weispfenning, cf. [Wei88, LW93, Wei94,

Wei97a], is under development since 1992. The latest implementation is

part of the reduce package redlog developed by the author together with

A. Dolzmann, cf. [DS96, DS97a]. redlog is freely available to the scienti�c

community.1

In general, the test point method can cope better than cad with input

involving many free variables (parameters). On the other hand, it is less

general: The input formulas have to obey certain degree restrictions: con-

sidering the involved terms as multivariate polynomials, their total degree

in the quanti�ed variables must be at most two. Moreover, quanti�ers are

eliminated one by one and with the elimination of one quanti�er the degree

in the other quanti�ed variables can increase. There are several heuristic

techniques to overcome the degree restriction, e.g. factorization of the terms,

which are surprisingly successful with practical problems, cf. [DSW96].

In addition to the pure quanti�er elimination, redlog provides two im-

portant variants of quanti�er elimination. Quanti�er elimination with answer

(also called extended quanti�er elimination, cf. [Wei97b]) provides with the

elimination of an existential quanti�er block a set of guarded points

f( 1; S1); : : : ; ( n; Sn)g

such that whenever an interpretation of the parameters satis�es some  i,

the original 9-quanti�ed formula holds for this interpretation, and the Si are

1http://www.fmi.uni-passau.de/~redlog/
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some possibly parametric sample values for the quanti�ed variables. The Si
can contain non-standard symbols such as 1.

Generic quanti�er elimination, cf. [DSW96], is a weaker but more e�cient

counterpart to quanti�er elimination. Here, the procedure is allowed to make

certain assumptions of the form t 6= 0 for terms t containing only parameters.

These assumptions support the elimination process leading to a much smaller

result, which is correct on the assumptions. The list of assumptions is, of

course, returned to the caller. It has turned out that for the majority of

practical applications, the assumptions made are \harmless." They describe

some degenerate cases, which are actually not relevant. There is also generic

quanti�er elimination with answer available.

There are numerous applications of quanti�er elimination in mathemat-

ics and engineering, cf. [DSW96, DSW97, DYA97, HLS97, Jir97, SW97a,

SW97b, Wei97b]. Here we are going to discuss how redlog can be used for

simulation, design, and error diagnosis of physical networks.

The plan of this note is as follows: Section 2 gives an outline of the test

point method. By means of an academic example, Section 3 introduces rele-

vant notions, gives an idea of possible questions on networks, and examines

how to apply quanti�er elimination to answer these questions. Section 4

points on the importance of our method working over the real numbers: it

avoids all problems concerned with parasitic solutions. Section 5 applies

quanti�er elimination to the sizing of a BJT ampli�er including transistors

and capacities. In Section 6 we brie
y indicate the applicability of our meth-

ods to hydraulic networks. In Section 7 we �nally summarize and evaluate

our results.

All computations have been performed on a sun Ultra 1 Model 140 work-

station using 32 MB of memory.

2 The Test Point Method

The eliminationmethod we use dates back to a theoretical paper by Weispfen-

ning in 1988, cf. [Wei88]. During the last �ve years a lot of theoretical work

has been done to improve the method, cf. [LW93, Wei94, DSW96, DS97b,

Wei97a]. After promising experimental implementations by Burhenne in

1990, cf. [Bur90], and by the author in 1992, the method has been e�ciently

reimplemented within the reduce package redlog by the author together

with A. Dolzmann. redlog is in fact a computer logic system providing

not only quanti�er elimination but a sophisticated working environment for

�rst-order logic over various languages and theories, cf. [DS96, DS97a].

The applicability of the method is currently restricted to formulas in
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which the quanti�ed variables occur at most quadratically. Moreover quan-

ti�ers are eliminated one by one, and the elimination of one quanti�er can

increase the degree of other quanti�ed variables. On the other hand there

are various heuristic methods built in for decreasing the degrees during elim-

ination. One obvious example for such methods is polynomial factorization.

For eliminating the quanti�ers from an input formula

'(u1; : : : ; um) � Q1x1 : : :Qnxn (u1; : : : ; um; x1; : : : ; xn); Qi 2 f9;8g

the elimination starts with the innermost quanti�er regarding the other quan-

ti�ed variables within  as extra parameters. Universal quanti�ers are han-

dled by means of the equivalence 8x  ! :9x: . We may thus restrict

our attention to a formula of the form

'�(u1; : : : ; uk) � 9x �(u1; : : : ; uk; x);

where the um+1, . . . , uk are actually xi quanti�ed from further outside.

We �x real values a1, . . . , ak for the parameters u1, . . . , uk. Then all poly-

nomials occurring in  � become linear or quadratic univariate polynomials

in x with real coe�cients. So the set

M = f b 2 R j  �(a1; : : : ; ak; b) g

of all real values b of x satisfying  � is a �nite union of closed, open, and half-

open intervals on the real line. The endpoints of these intervals are among

�1 together with the real zeros of the linear and quadratic polynomials

occurring in  �. Candidate terms �1, . . . , �r for the zeros can be computed

uniformly in u1, . . . , uk by the solution formulas for linear and quadratic

equations.

If all inequalities in  � are weak, then all the intervals constituting M

will, into each direction, be either unbounded or closed. In the latter case,

such an interval will contain its real endpoint. Thus M is non-empty if

and only if the substitution of �1 or of one of the candidate solutions �j
for x satis�es  �. The substitution of �1 into a polynomial equation or

inequality is evaluated in the obvious sense. The substitution of expressions

in u1, . . . , uk of the form (a+ b
p
c)=d among the �j can be rewritten in such

a way that all denominators involving the ui and all square-root expressions

are removed from the result, cf. [Wei97a]. By disjunctively substituting all

candidates into  � we obtain a quanti�er-free formula equivalent to 9x �.

If  � contains also strict inequalities, we need to add to our candidates for

points in M expressions of the form �� ", where � is candidate solution for

some left-hand side polynomial occurring in a strict inequality. The symbol
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" stands for a positive in�nitesimal number. Again the substitution of these

expressions into a polynomial equation or inequality can be rewritten in such

a form that there occur neither denominators involving any of the ui, nor

any square root expressions, nor the symbol " in the result, cf. [Wei97a].

Again this yields a quanti�er-free formula equivalent to 9x �. For practical

applications this method, of course, has to be re�ned by a combination with

powerful simpli�cation techniques for quanti�er-free formulas, cf. [DS97b] for

details.

Recall that the well-known solution formula for quadratic equations

ax2 + bx + c = 0

requires a 6= 0. In our situation a is a term in u1, . . . , uk, so a 6= 0 can

in general not be decided uniformly but depends on the interpretation of

the ui. Thus a quadratic polynomial ax
2 + bx + c does not only deliver two

square-root expressions �1 and �2 as candidate solutions but also �3 = �c=b,
which in turn requires b 6= 0. Let t1, t2, and t3 be the candidate points forM

obtained from �1, �2, and �3, respectively, by possibly adding or subtracting

". With the substitution of the ti into  
�, it is necessary to add the conditions

on the non-vanishing of a and b. Formally, we obtain

(a 6= 0 ^� � 0 ^ ( �[x=t1] _  �[x=t2])) _ (a = 0 ^ b 6= 0 ^  �[x=t3]);

where � denotes the discriminant of the equation ax2 + bx + c = 0. If,

however, a is a rational constant, then the case distinction is super
uous. In

particular, if a is non-zero, the second case can be dropped.

Suppose we have eliminated an existential quanti�er. Then we have in

general obtained a disjunction  0
1 _ � � � _  0

r. If the next quanti�er to be

eliminated is also an existential one, then we make use of the equivalence

9xn�1( 
0
1 _ � � � _  0

r) ! 9xn�1( 
0
1) _ � � � _ 9xn�1( 

0
r)

eliminating all 9xn�1( 
0
j) independently. As a consequence, no candidate

solutions obtained from, say,  0
1 are substituted into the other  j. This de-

creases the complexity of our procedure for single quanti�er blocks from dou-

bly exponential to singly exponential in the number of quanti�ers, cf. [Wei88].

Dramatic improvements of the general procedure sketched up to now can

be obtained by reducing the number of test candidates for M depending on

the structure of the formula  �, cf. [LW93, Wei97a]. One simple instance for

such an improvement is the following natural extension of Gauss elimination:

Suppose  � is of the form

bx+ c = 0 ^  ��;
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where at least one of the coe�cient terms b, c is a rational non-zero constant.

Then we know that under any interpretation of the ui the equation is non-

trivial, i.e. di�erent from 0 = 0. Hence the only test candidate required is

�c=b substituted, of course, with the condition b 6= 0. No additional test

candidates arising from equations or inequalities in the remainder  �� of  �

need be considered. This idea can easily be extended to a quadratic equation

instead of a linear one, taking into account again the discriminant.

An extended quanti�er elimination can be straightforwardly derived from

this method by not constructing a disjunction at the end. Instead, all the

quanti�er-free substitution results are kept separately together with the can-

didate terms yielding them.

Generic quanti�er elimination avoids the case distinctions wrt. the vanish-

ing of the leading coe�cients sketched above assuming a 6= 0 for all formally

quadratic left hand sides ax2 + bx + c, and b 6= 0 for all formally linear left

hand sides bx+ c. For quadratic constraints, the condition that the discrim-

inant be positive is still added such that all assumptions made are non-zero

assumptions. For details on generic quanti�er elimination, cf. [DSW96].

The complexity of the test point methods depends on the number of

quanti�ed variables and, even more, on the number of quanti�er changes. In

theory, the parameters play a very minor role for the complexity. They turn

in fact out to be uncritical in practice.

3 A Simple Resistor Network

We consider electrical networks of the layout given in Figure 1, cf. [Wei97b]:

For each of the resistors rjk there is some maximal wattage pjk speci�ed.

We translate this generic network into a quanti�er-free formula: First, we

have Ohm's law describing the e�ect of the resistances on the currents and

voltages:

! �
^

(j;k)2N

(uk � uj) = rjkijk; N = f(0; 1); (0; 2); (1; 2); (1; 3); (2; 3)g

Next, Kirchho�'s laws state that the sum of all currents at each connecting

node be zero:

� � �i0 + i01 + i02 = 0 ^
�i01 + i12 + i13 = 0 ^ �i02 � i12 + i23 = 0 ^ �i13 � i23 + i3 = 0:

Finally, we write down the wattage restrictions for the resistors:

� �
^

(j;k)2N

(uk � uj)ijk � pjk:
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Figure 1: A simple example network consisting of resistors

This yields an algebraic translation � = ! ^�^ � of our network. Finally, we
may normalize u0 = 0, and we may certainly assume that i3 = i0. Since our

network is intended to be a 12 V circuit, we also set u3 = 12. These settings

yield an instance �0 of � on which we will base our computations. Equations

and inequalities are called atomic formulas. Our �0 contains 19 such atomic

formulas.

3.1 Analysis

The �rst questions on our network are quite simple. We are going to verify

concrete network designs. Consider for example the selection of 0.25 W

resistors with the following resistances (in 
):

r01 = 1000; r02 = 100; r12 = 300; r13 = 47000; r23 = 200:

The network obtained by substituting into �0 these values for the resistances

and maximum wattages is called 
1. It contains the following variables:

i0; i01; i02; i12; i13; i23; u1; u2:

Let us now check if this setting will work, i.e., if none of the 0.25 W restric-

tions is violated. For this, we quantify all the variables existentially, and then

eliminate them. The elimination result obtained after 120 ms is \false." In

other words: there are no choices for the voltages and amperages that obey

both the physical laws and the wattage restrictions of the resistors.
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For some reason, we may now suspect that the resistance r23 = 200 is

chosen too small. We change it to r23 = 400 and eliminate again. This time,

we obtain \true" after 60 ms. So in this case there are valid choices for the

amperages and voltages. We would certainly like to know them but up to

now the quanti�er elimination procedure has only veri�ed their existence.

For obtaining the amperages and voltages we apply quanti�er elimination

with answer. This yields, besides the result \true," the following values (in

A and V, respectively):

i0 =
20007

815500
; i01 =

1467

815500
; i02 =

927

40775
; i12 =

129

81550
;

i13 =
177

815500
; i23 =

1983

81550
; u1 =

2934

1631
; u2 =

3708

1631
:

Note that we always obtain exact, i.e., unrounded results, which can for

convenience, of course, be displayed as rounded 
oats of arbitrary accuracy.

The above elimination with answer takes 70 ms.

We have determined the behavior of two networks from the physical prop-

erties of the involved components. This is usually referred to as network

simulation or network analysis.

3.2 Sizing

We would still prefer a smaller resistance r23. For �nding out the smallest

possible value, we construct from �0 the network 
2 in the same way as 
1 but

leaving r23 unspeci�ed. Then we eliminate the quanti�ers from the following

formula, where r23 is a parameter:

9i09i019i029i129i139i239u19u2(
2):

The elimination result 
02 obtained after 150 ms is a quanti�er-free formula

containing 13 atomic formulas in r23. We never have to look at 
02. Instead,

we ask for the minimal r23 satisfying 

0
2 by eliminating the quanti�ers with

answer from

� � 9r23(0 < r23 ^ 
02 ^ 8z(0 < z < r23 �! :
02[r23=z])):

The degree of r23 in 
02 and hence the degree of both r23 and z in � is 4.

Using its implicit factorization facility, however, our extended elimination

procedure succeeds in eliminating the quanti�ers from � within 180 ms. The

elimination result is \true," the answer is

r23 =
31728

p
347966 + 21296612

109561
� 365:207871:
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We decide that this is not tolerable: r23 should be at most 300 
. We

thus have to take a resistor that can cope with a higher wattage than 0.25 W.

For �nding out the minimum suitable wattage, we produce 
3 from �0 just

like 
1 but setting r23 = 300 and leaving p23 unspeci�ed. In analogy to the

previous paragraph, we eliminate without answer the quanti�ers from the

formula

9i09i019i029i129i139i239u19u2(
3)
yielding 
03 � 42250000p23 � 11796867 � 0 after 60 ms. In contrast to 
02
above, 
03 already states the answer to our question in a comprehensible

form:

p23 �
11796867

42250000
� 0:279216:

We have determined features of network elements (resistances, maximum

wattages) in such a way that certain restrictions on the amperages and volt-

ages are met. This is referred to as network design or network sizing.

3.3 Error Diagnosis

Let us return to the r23 = 400 
=0:25 W design of Section 3.1. Assume now

that r12 is not simply a resistor but a 300 
 ammeter. Assume furthermore

that the line u1u2 from u1 to u2 is the only part of the network that is easily

accessible. We have computed that on normal conditions

i12 =
129

81550
� 0:001582:

If this amperage changes, say to �0:000181, this means that there is a mal-
function somewhere in the network. Since all components are hard to access,

we would like to infer where the problem is located from the measured am-

perage.

For each resistor rjk, we construct a diagnosis formula �jk from �0 by

�xing all resistances and maximum wattages except for rjk and pjk to their

normal values. In addition, we set i12 to the measured value �0:000181.
Then we existentially quantify the 9 remaining variables

i0; i01; i02; i13; i23; u1; u2; rjk; pjk:

We eliminate with answer the quanti�ers from each of the �jk being interested

only in the answer for rjk. The results are collected in Table 1, where the

answers for the rjk are given as rounded 
oats for convenience. According to

these data, a broken line u2u3, a broken u0u1, or a short-circuited u1u3 are
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�jk result rjk (answer) rjk (original) time

�01 true 1:132888 � 105 1000 60 ms

�02 false | 100 60 ms

�13 true 3596:985410 47000 60 ms

�23 true 3:230974 � 106 400 70 ms

Table 1: Diagnosis results

possible reasons for the malfunction of the network. Note that any missing

clearness in this concern is a physical fact but not a drawback of our method.

It is important to interpret the elimination result \false" for �02 in the

right way: This means that the measured amperage i12 cannot be caused by

a malfunction of r02 alone. Still, a fused or short-circuited r23 can be the

original reason. The network might be constructed in such a way that some

malfunction of r23 immediately crashes other resistors. Such situations with

more than one faulty resistor are not captured by our diagnosis formulas.

Let us analyze which other resistors would be a�ected by a failure of r02.

We are interested in the actual powers (uk�uj)ijk|not to be confused with

the pjk|at the resistors rjk in dependence on the value of r02. For making

these quantities accessible we add to �0 a conjunction

^

(j;k)2Nnf(0;2)g

zjk = (uk � uj)ijk; where u0 = 0 and u3 = 12:

Since we are interested in the moment immediately after the crash of r02, we

existentially quantify the pjk, i.e., we do not put any restrictions on them. We

also existentially quantify all other variables except for r02 and the zjk. This

yields the formula �02 from which we eliminate the quanti�ers obtaining an

equivalent quanti�er-free formula �0
02 with 166 atomic formulas (3130 ms).

The application of a simpli�er based on Gr�obner Basis methods built into

redlog, cf. [DS97b], reduces the size of �0
02 to 62 atomic formulas (9100 ms).

Whenever we substitute a value for r02 in �0
02 we obtain a formula only

in the zjk. This formula states the values of the various powers. We are

particularly interested in a short-circuited and in a fused r02 corresponding

to extremely small and large resistances, respectively:

�02 = �0
02[r02=10

10]; �02 = �0
02[r02=10

�10]:

Unfortunately, �02 and �02 do not contain the values for the zjk in an explicit

form. For instance, after some straightforward automatic simpli�cation, we
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have

�02 = 555179625062500z201 � 260245051250000z01z23 �
94888055344500z01 + 30498006250000z223 � 22239781245000z23 +

4054427900721 = 0 ^ 23562250z01 � 5522500z23 � 2013561 �
0 ^ 5551796250625z212 � 814311360000z12z23 � 281064655350z12 +

29859840000z223 � 20612620800z23 + 3557287449 =

0 ^ 2356225z12 � 172800z23 � 59643 � 0 ^ 555179625062500z213 �
5537128750000z13z23 � 179402971500z13 + 13806250000z223 �
894645000z23 + 14493249 = 0 ^ 23562250z13 � 117500z23 � 3807 �
0 ^ 2537640779651252356225z23� 49702512986100848241 = 0:

We know, however, that these zjk are uniquely determined. On the other

hand, we know that quanti�er elimination with answer can yield one solution.

We thus eliminate with answer the quanti�ers from

9z019z129z239z23(�02) and 9z019z129z239z23(�02)

obtaining the elimination result \true" and answers B0
02 and S

0
02 after 3350 ms

and 5270 ms respectively. The answer B0
02 for the burn-through case reads

as follows:
z01 = 1279850625643950000081

25376407796512523562250
� 0:050435

z12 = 37276874936550000027

2537640779651252356225
� 0:014690

z13 = 12954376924650071487

25376407796512523562250
� 0:000510

z23 = 49702512986100848241

2537640779651252356225
� 0:019586:

All these wattages are less than 0.25 and hence not critical. We may conclude

that our measured i12 = �0:000181 cannot be caused by a fused r02.

For the short-circuit case �02 we have the following wattages S
0
02:

z01 = 1296000000103032000002047761

376996000000247442000000040602250
� 0:000003

z12 = 431999999989848000000059643

37699600000024744200000004060225
� 0:000011

z13 = 1143792000000307944000000020727

376996000000247442000000040602250
� 0:003034

z23 = 13571856000002077776000000079524

37699600000024744200000004060225
� 0:36:

This means that r23 will probably be destroyed. A next step would be to

analyze if a combined malfunction of both r02 and r23 can cause the amperage

i12 = �0:000181 in question.

In practice, network diagnosis is supported by the knowledge of proba-

bilities for certain malfunctions.
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Figure 2: An inverting operation ampli�er circuit

4 An Inverting Operation Ampli�er

For the operation ampli�er circuit shown in Figure 2, we want to determine

the output voltage v3 as a function of the input voltage v1 . This is an

illustrative example taken from [Hen95]. Its algebraic formulation ! is the

conjunction over the following equations:

v1 = v1

v2 = �vpm op1

v3 = vog op1

v1 + iv0r1 = v2

v2r1 + v2r2 = v3r1 + v1r2 + ipm op1r1r2

v3 + iog op1r2 = v2

vog op1 = vpm op1x
2

op1

v2sx
2

op1 + Av2og op1 = Av2s

ipm op1 = 0:

Using the symbolic system Analog Insydes, cf. [SH95], these equations are ob-

tained automatically from a net list, i.e., a nested list description of Figure 2.

The variables to be existentially eliminated are:

V := fiog op1; v2; ipm op1; v1; iv0; vpm op1; vog op1; xop1g:
The ampli�cation factor A, the supply voltage vs, and the resistances r1 and

r2 are parameters.
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Figure 3: The characteristic curve of the inverting operation ampli�er in-

cluding parasitic solutions for jv3j > 10.

A symbolic method that has been tried for eliminating the variables from

these equations is the computation of an elimination ideal basis, cf. [Hen95].

For obtaining such a basis we proceed as follows: In the equations in ! we

subtract all right hand sides to the corresponding left hand sides. Then we

choose a lexicographic term order such that the variables V to be eliminated

are greater than v1 , v3, and the parameters, and compute a Gr�obner basis

G, cf. [Buc65], of the left hand side polynomials (150 ms in reduce). The

polynomials from G which do not contain any variables from V now form a

Gr�obner basis of the elimination ideal, cf. [BWK93] for details. There is in

fact only one such polynomial, and the corresponding equation should be an

implicit description of our desired function:

�Ar1v33 + Ar1v3v
2

s �Ar2v1v23 +Ar2v1v
2

s + r1v3v
2

s + r2v3v
2

s = 0:

For concrete parameter values A = 1000, vs = 10, r1 = 1000, and r2 = 10000

this amounts to

100v1v23 � 10000v1 + 10v33 � 1011v3 = 0:

Figure 3 displays the set of real solutions of this equation. Only the part

of the curve for �10 � v3 � 10, however, is the desired solution for our

problem. The other parts are parasitic solutions caused by the fact that the
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elimination ideal computation has taken place not over the reals but over

an algebraically closed extension �eld such as C . First �xing the parameter

values and then computing the elimination ideal leads to the same result.

In general, it is a problem to distinguish between proper solutions and

parasitic solutions. Since our quanti�er elimination is a real method, it com-

pletely avoids them: The result with �xed parameter values obtained after

60 ms contains the correct constraint on the range of v3 to exclude the par-

asitic solutions of the equation:

100v1v23 � 10000v1 + 10v33 � 1011v3 = 0 ^ v23 � 100 � 0:

Notice that the corresponding input formula does not contain any ordering

constraint but is purely equational.

Next, we solve the original parametric problem with redlog: For 9V (!),
we obtain 604 atomic formulas after 1110 ms. A result of this size might be

useful for further automatic processing but it does not immediately con-

tribute to understanding the network.

We thus apply generic quanti�er elimination. The result then obtained

for 9V (!) after 120 ms is:

Ar1v
3

3 � Ar1v3v2s +Ar2v1v
2

3 �Ar2v1v2s � r1v3v2s � r2v3v2s = 0 ^
Av23 �Av2s � 0 ^ vs 6= 0

valid on the following assumptions:

A 6= 0; r1 6= 0; r2 6= 0; v3 + vs 6= 0; v3 � vs 6= 0; v3 6= 0:

None of these conditions is a problem: A is the ampli�cation factor, r1 and r2
are resistors, the absolute value of the output voltage v3 can certainly never

get equal to the supply power vs.

5 Sizing a BJT Ampli�er

Hennig and Sommer have studied the applicability of symbolic methods to

the sizing of a BJT ampli�er, cf. [HS95]. After several non-trivial steps of

symbolic analysis, they obtain a description of the circuit by the set E1 of

40 operating point equations given in Figure 4 together with the set E2 of 5

AC conditions given in Figure 5.

The entire system E1 [ E2 has to be solved wrt. the main variables

M = fr1; : : : ; r8; c3g
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�vvin + vr1 + vc1 + vbe q1 = 0

vr5 � vr4 � vr2 � vce q1 = 0

�vvin + vr8 + vr7 + vc1 = 0

�vr7 + vr6 + vr2 + vce q2 + vbe q1 = 0

�vr7 + vr6 � vce q1 + vbe q2 + vbe q1 = 0

�vvin + vr7 � vr6 + vc2 + vc1 = 0

vr3 � vr2 + vc3 = 0

vv cc � vvin � vr4 � vce q1 + vc1 + vbe q1 = 0

�vvin + vr2 + vizo + vc1 + vbe q1 = 0

ir7 � ic1 + ibe q1 = 0

�ir4 + ice q1 + ibe q2 = 0

ir3 + ir2 + ir1 � ice q1 � ibe q1 = 0

ic3 � ir3 = 0

ir6 � ice q2 + ic2 � ibe q2 = 0

ir8 � ir7 � ir6 = 0

ivin + ic1 = 0

�ir5 � ir2 + iizo + ice q2 � ic3 = 0

iv cc + ir5 + ir4 = 0

vvin = v1

vv cc = vcc

iizo = i0

�ic1; : : : ; �ic3 = 0

ir1r1 � vr1; : : : ; ir8r8 � vr8 = 0

vce q1 = 2:72

vbe q1 = 0:607

vce q2 = 6:42

vbe q2 = 0:698

ice q1 = 1:11 � 10�4

ibe q1 = 5:75001 � 10�7

ice q2 = 0:00401

ibe q2 = 1:26 � 10�5

Figure 4: Operating point equations E1 for the BJT ampli�er
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ahigh = (r2r3 + r1r2)=(r1r3 + r1r2)

alow = r2=r1

p = �1=(c3r3 + c3r2)

zin = r7

zout = (10976r2r7 + 2590336r1r2)=(891433631r1):

Figure 5: AC conditions E2 for the BJT ampli�er

in terms of the parameter variables P = fvcc; ahigh; alow; p; zin; zoutg specifying
the circuit. In addition to M and P , there is a set X of 38 internal variables

to be completely eliminated. Hennig and Sommer point out that it is a

crucial feature of any solver for such sizing problems to allow to distinguish

between these three types of variables.

We start by eliminating the internal variables from the system applying

generic quanti�er elimination with all internal variables existentially quanti-

�ed: 9X(
V
E1 ^

V
E2). After 1730 ms we obtain the conjunction over the

following equations:

ahighr1r2 + ahighr1r3 � r1r2 � r2r3 = 0

alowr1 � r2 = 0

c3pr2 + c3pr3 + 1 = 0

111575001r1r2 + 4022600000r1r6 + 575001r1r7 + 7027000000000r1

+575001r2r7 � 4022024999r2r8 + 607000000000r2 = 0

111575001r1r2 + 8442000000000r1 � 4022600000r2r6

�4022024999r2r8 + 2022000000000r2 = 0

2590336r1r2 � 891433631r1zout + 10976r2r7 = 0

123600000r4 + 4022600000r6 + 4022024999r8 � 1000000000000vcc

+698000000000 = 0

r7 � zin = 0:

This is equivalent on the assumptions r1+r2 6= 0 and r5 6= 0 also obtained by

the generic quanti�er elimination. We conjunctively add these conditions to

the system, and apply generic quanti�er elimination with answer existentially

quantifying the variables r1, . . . , r8, c3. After 180 ms we obtain further

assumptions:

ahigh � alow 6= 0; alow + 1 6= 0; alow 6= 0;
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a quanti�er-free equivalent, i.e., a necessary and su�cient condition in the

parameters for the solvability of the original system on the assumptions made

so far:

10976alowzin � 891433631zout 6= 0 ^ alow � 1 6= 0 ^ p 6= 0;

and sample solutions for the eliminated main variables r1, . . . , r8, c3 in terms

of the parameters:

c3 = (�2590336ahigh + 2590336alow)=(10976a
2

lowpzin

� 10976alowpzin � 891433631alowpzout + 891433631pzout)

r1 = (�10976alowzin + 891433631zout)=(2590336alow)

r2 = (�10976alowzin + 891433631zout)=2590336

r3 = (10976ahighalowzin � 891433631ahighzout � 10976alowzin

+ 891433631zout)=(2590336ahigh � 2590336alow)

r4 = (2590336000000000000alowvcc + 1224647210976alowzin

� 7045713920000000000alow � 99461708270258631zout

� 21867616512000000000)=(320165529600000alow)

r5 = 1
r6 = (�575001zin + 1415000000000)=4022600000

r7 = zin

r8 = (264798579360alowzin + 1572333952000000000alow

+ 99461708270258631zout + 21867616512000000000)=

(10418396147809664alow):

This �nal solution is essentially the same as that obtained by Hennig and

Sommer using a heuristic-based special purpose solver.

6 An Outlook on Hydraulic Networks

The methods sketched above can also be applied to hydraulic networks.

There Ohm's law U = RI has to be replaced by a suitable instance of

Bernoulli's law, such as

P = RF 2;

where the pressure P corresponds to the voltage U , and the 
ow F corre-

sponds to the amperage I. The 
ow occurs quadratically leading to higher

degrees in the input formulas. Moreover, the direction of such a 
ow has to be

added explicitly. Anyway, �rst elimination experiments with such formulas

have been very promising, cf. [Wei97b].
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7 Conclusions

We have given an outline of a real quanti�er elimination method using test

point ideas. By means of a rather trivial example, we have illustrated the

scope of such methods within the area of physical network analysis, sizing,

and error detection. It has turned out that the use of a real elimination

method avoids the problem of parasitic solutions. In combination with other

symbolic methods, our approach is even applicable to an example recently

discussed in the community of electrical engineers. Finally, we have indicated

that our approach is by no means restricted to electrical networks.
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